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FUNDAMENTAL REPRESENTATIONS OF QUANTUM AFFINE 
SUPERALGEBRAS AND itUMATRICES 

HUAFENG ZHANG 


Abstract. We study a certain family of finite-dimensional simple representations over 
quantum affine superalgebras associated to general linear Lie superalgebras, the so-called 
fundamental representations: the denominators of rational R -matrices between two fun¬ 
damental representations are computed; a cyclicity (and so simplicity) condition on tensor 
products of fundamental representations is proved. 


1. Introduction 

Fix M, N two natural numbers and q a non-zero complex number which is not a root of 
unity. Let g := gl(M,N) be the general linear Lie superalgebra. Let U q (g) be the associated 
quantum affine superalgebra. This is a Hopf superalgebra neither commutative nor co- 
commutative, and it can be seen as a deformation of the universal enveloping algebra of the 
affine Lie superalgebra Lg := g ® C[f, i -1 ]. In this paper we are mainly concerned with the 
structure of tensor products of finite-dimensional simple t/ 9 (g)-modules. 

Quantum affine superalgebras, as supersymmetric generalization of quantum affine alge¬ 
bras, were defined previously by Yamane |Ya j with Drinfeld-Jimbo generators (and with 
Drinfeld loop generators for U q (g)). They appeared as the algebraic supersymmetries of 
solvable models such as the q-state vertex model [PS] and the t—J models [Koj : their 
highest weight representations were identified in these models with the spaces of states to 
compute correlation functions. Recently, various quantum superalgebras (finite type, affine 
type, Yangian) together with their finite-dimensional representations associated to the sim¬ 
ple Lie superalgebra psl(2, 2) are linked to the integrability structures in the context of the 
AdS/CFT correspondence and in Hubbard model (see [BGM] and its references). Quantum 
affine superalgebra associated to the exceptional Lie superalgebra D{ 2,1; a;) is related to 
generalized hyper geometric equations m- 

Compared to the rich literature on quantum affine algebras (see the review papers [CH , 
ILej ). quantum affine superalgebras have been less studied. Technical difficulties already arise 
in the situation of finite-dimensional simple Lie super algebras: all the Borel subalgebras are 
not conjugated, Weyl groups are not enough to characterize linkage, etc. 

The series of papers [ZhTl fZh2l Iziu] studied systematically finite-dimensional repre¬ 
sentations of U q (g). In [Zhlj , there is a similar highest t -weight classification [CP2j of 
finite-dimensional simple modules adapted to the Drinfeld new realization of U q (g). Our 
motivating questions are as follows. Let Si, S 2 , ■ ■ ■ , S n be such U g (g)-modules. 

(I) Construct C/ g (g)-module morphisms from Si <S> S 2 to S 2 <8> Si. 

(II) Determine when Si <8> S 2 <8> • • • <8> S n is a highest ^-weight module. 
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In the non-graded case, (I) and (II) are related to each other by the notion of normalized 
R-matrix R.S 1 .S 2 proposed in [AKj . This is a matrix-valued rational function depending 
on the ratio ^ of spectral parameters a,b £ C x of S 1 and S 2 respectively. Whenever 
it is well-defined (in other words the denominator of Rs 1 ,S 2 is non-zero when specialized 
to S':, 1 S 2 ), Rs!,S 2 composed with the flip map is a module morphism from S± (g> S 2 to 
S 2 S±. It was proved in (Ka j (first conjectured in [A~K] ) that the tensor product in (II) 
is of highest A weight if Rsi,Sj is well-defined for all i < j, under the assumption that 
the Si are good modules within the framework of crystal base theory. Similar results were 
obtained by Varagnolo-Vasserot ESI for fundamental modules over simply-laced quantum 
affine algebras via Nakajima quiver varieties, and by Chari [Chj in general situations via 
the braid group action on affine Cartan subalgebras. Here fundamental modules are certain 
simple modules whose highest ^-weights are of particular forms [CHi Definition 3.4]. 

Quite recently, normalized Abmatrices were used to establish generalized Schur-Weyl du¬ 
ality between representations of quantum affine algebras and those of quiver Hecke algebras 
and monoidal categorifications of (quantum) cluster algebras pTL l IKKK1 IKKKOj . We refer 
to the table in m Appendix A] for a summary of poles with multiplicity of normalized 
Ahmatrices between two fundamental modules over quantum affine algebras. We mention 
earlier works of Chari-Pressley GEO on zeros and poles of Al-matrices for Yangians. 

In this paper, we study (I) and (II) for fundamental modules over U q ($). The fundamental 
modules Vf a over U q (g) are defined by a fusion procedure ('Definition 12.41) . They depend 
on a spectral parameter a € C x and a Dynkin node together with signature (r, e): positive 
if (e = +, 1 < r < M) and negative if (e = —, 1 < r < N ). When N = 0 they are the 
fundamental modules in the non-graded case m- The main results of this paper are: 

(A) denominators of /^-matrices between two fundamental modules fTheorems 11.1 ITOI) : 

(B) a sufficient condition for a tensor product of fundamental modules fD" =] V^, E,: 0 . to be 

of highest Y weight when (£ 1^2 • • • e n ) = (+ + ••• H-• • • —) (Theorem 16. ID . 

In Ij8]we indicate a general idea to study tensor products of arbitrary signatures. Eventually 
it is enough to solve a problem of linear algebra (Question [T]). (B) has the following two 
consequences. Let S \, S 2 , • • • , S n be fundamental modules. 

(C) Si <g> S 2 <S> ■ ■ ■ <8> S n is simple if and only if so is Si <g> Sj for all i < j fTheorem l7.2p . 

(D) if the parities of the Sj are the same, then Si <g> S 2 <8> • • • 0 S n is simple if and only 
if it is of highest Aweight and of lowest Aweight (Corollary 16.8D . 

Let us make comparisons of (A)-(D) with related results in literature. 

1. When restricted to the finite type quantum superalgebra U q (Q), a positive (resp. 
negative) fundamental module is in the category 0 (resp. its dual category 0*) of BKK! . 
and their tensor products may not be semi-simple. In deducing (A) we make tricky use of a 
fact (Lemma 12.2D on the tensor product of a highest ^-weight module and a lowest Aweight 
module, as opposed to the non-graded case [CPU IDOI IKOSI 10h| where tensor product 
decompositions and spectral decompositions were usually needed. 

Our arguments can be applied to the non-graded case. However it seems that even in the 
situation m of quantum affine algebras of type A the calculations would become more 
involved than those in Theorems I4.11l4~2l By the fusion procedure lowest K-weight vectors 
of fundamental modules are pure tensors in our situation, while they are alternating sums 
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over symmetric groups in m • The denominators in Theorems I4.1H4.2I are simpler than 
those in [ DO , Equation (2.8)]. Notably, if Si and S 2 are fundamental modules of different 
signatures, then the denominator of ^? 5 1i s 2 is a polynomial of degree 1. 

We expect similar simplification of denominators of f° r m ore general simple U q (g)- 

modules Si in the category 0 and S 2 in the category 0*. This might be related to the crystal 
base theory developed in [BKK1 for f/ 9 (g)-modules. 

2. (B) can be viewed as a super version of cyclicity results in [Chi IKal IVY) . As explained 
in the introduction of [ Zh2[ . the methods in the non-graded case do not admit straight¬ 
forward generalizations. Nevertheless a weaker result has been proved in |Zh2j under the 
assumption that in the tensor product of (B) the () must be the same. This weaker 
result has been used in [Zh3| to construct asymptotic modules in the sense of Hernandez- 
Jimbo m, and it will again be needed in the present paper to validate the fusion procedure 
(in the proof of Proposition 12.511 . 

The idea of proof in (Z~h2) is a modification of Chari’s reduction arguments in [Chj : to 

restrict U q (g)-modules to U q (gl(l, l))-modules. Every step of reduction therein resulted in 
tensor products of two-dimensional simple modules. An essential improvement in this paper 
is to view these tensor products as Weyl modules (Lemma 16.6H . From this viewpoint the 
reduction arguments in [Zh2] work equally well even if the (r,,£j) change. 

The Weyl modules over U q (g) were defined in [Zhl] : they are super analog of Weyl 
modules over quantum affine algebras [CP3| . The case of g[(l, 1) is already useful enough 
to prove (B). It would be interesting to look at general case of g[(M, N). 

We mention the recent works of Guay-Tan |OT] on a similar cyclicity result where the 
braid group action in [ Chj was defined for Yangians. It is question to construct similar 
braid group (or groupoid) action in the super case in order to study more general simple 
modules. For this, it might be useful to look at different RTT realizations of U q (g) (by 
permuting the parity of the base vectors in V [Zh2l, Definition 3.5]). 

3. (C) is true for all finite-dimensional simple modules over quantum affine algebras. Its 
proof in [He] utilized deep theory of (/-characters of Frenkel-Reshetikhin. In our situation, 
since we are restricted to fundamental modules, up to some duality arguments, (C) is a 
direct consequence of (B). 

(D) is special in the super case, and has been proved in [Zh2] for all finite-dimensional 

simple modules over t/ g (gl(l, 1)). In the non-graded case, due to the action of Weyl groups, 
such a tensor product is of highest I!-weight if and only if it is of lowest l- weight. 

The paper is organized as follows. [J2] prepares the necessary background on highest 
^-weight modules and on fundamental modules. [}3] constructs the normalized R-matrices 
between two fundamental modules from elementary ones via a fusion procedure. Ij4] com¬ 
putes the denominators of the normalized R-matrices. [J5] proves some easy but important 
properties of Weyl modules. f|6] proves (B) by a series of reductions. [J7]then discusses the 
consequences of (B). IjH reduces the general case of (B) without assumption on signature to 
a question of linear algebra (Question [l]). 

Acknowledgments. The author is grateful to David Hernandez and to Kenji Iohara and 
Bernard Leclerc for interesting discussions. He thanks Masato Okado for sending a reprint 
of [DO) . He thanks the anonymous referees for useful comments and suggestions. 
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2. Preliminaries 


Fix M,N £ Z>o- This section collects basic facts on quantum superalgebras associated 
to the general linear Lie superalgebra gl(M,N) and their representations. 


2.1. Quantum superalgebras. Set k := M + N, I := {1, 2, • • 

Z, x i —y di : = 


: I 


~ JO (i<M), 

^ 2 , l ^ \ — 


1 (i > M), 


d. : I 



(i < M), 
-1 (i > M). 


Set Qi := q di . Set P := ©jg/Zej. Let (,) : P X P —y 7L be the bilinear form defined by 


(cj, efi) — djj d r . Let 


: P 


Z 2 be the morphism of abelian groups such that |ej| = |i|. 


In the following, we only consider the parity \x\ £ of x when either x £ fix £ Pori 
is a Z 2 -homogeneous vector of a vector superspace. Associated to two vector superspaces V 
and W is the graded permutation cy,w '■ V(&W —> W®V defined by v®w (— 

Except in g always denotes gl(M,N), while g' = gl(N,M). 

Let V = ©jg/Cuj be the vector superspace with Z 2 -grading |uj| = |i|. For i,j £ fi 
let Ejj £ End(V) be the endomorphism Vk H y 5jkVi. Introduce the Perk-Schultz matrix 
R(z,w ) £ End(V® 2 )[z, w\: 


( 2 . 1 ) 


R(z, w) = i Z( U - w Qi ) E n ® E ii + ( z ~ w ) E E r. 

*G I i^j 


E. 


jj 


+ z E (qz - ( i 

i<j 


-1 


)Eji ® E ij + W E (Qj - Qj 


E. 


ji- 


i<3 


It is well-known that R(z, w) satisfies the quantum Yang-Baxter equation: 

#12 ( 21 , 22 ) Rl3 (zi, 23 ) R 23 (z 2 , z 3 ) = R 23 (z 2 , z 3 ) R 13 (Z!, Z 3 ) R 12 ( 21 , z 2 ) . 


Here we use the following convention for the tensor subscripts. Let n > 2 and A±, A 2 , ■ ■ ■ , A n 
be unital superalgebras. Let 1 < i < j < n. If x £ Ai and y £ Aj, then 

{x <g> y)ij : = © x ® (® J k ~) +1 l Ak ) © y ® {®k=j+ 1 1 ^) € ®l=l A k- 

Now we can dehne the quantum affine superalgebra associated to g. 


Definition 2.1. [Zh2] The quantum affine superalgebra U q (gj is the superalgebra defined by 
(Rl) RTT-generators s^\t^ for i,j £ I and n £ Z>o; 

(R2) Z 2 - grading || = \t\f\ = |i| + \j\; 

(R3) RTT-relations in U q (g) ® (EndV® 2 )[[, 2 , z~ l , w, in -1 ]] 

R23(z,w)T 12 (z)Ti 3 (w) = T 13 (w)T 12 (z)R23{z,w), 

R'23{z, w) S 12 (z)S 13 (w) = Si 3 (w)Si 2 {z)R 2 3 (z,w), 
R23(z,w)T 12 (z)Si3(w ) = Sl3(w)T 12 (z)R 2 3{z,w), 
tfj = =0 for 1 < i < j < K, 

tC?) s (?) = 1 = s (o) t (o) iorieI 

Here T(z ) = E ijeiUjW ® E ij G ( u <i(q) ® EndV))^- 1 ]] and fifiz) = E„ eZ > 0 z ~ n G 
^<?(s)[[ z_1 ]]j an d similar definition of S(z) except that the z~ n is replaced by the z n . 
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U q (g) has a Hopf superalgebra structure with counit e : U q (g) —> C dehned by e(s^) = 
= SijSnO, and coproduct A : U q (g) —■> U q ( g)® 2 : 

n n 

( 2 . 2 ) a(»<,»>) -XX ^»Sr’ ® 4r m) ' A (i”’> = e e ® 4r m) - 

m=0 fce/ m=0 fee/ 

Here := (—l)(l*l+l fe l)(l fc l+b’D. The antipode § : U q (g) —> U q (g) is determined by 

(2.3) (S <g> Id)(S(z)) = S(z)" 1 , (S ® Id)(T(z)) = T(z)~ 1 . 

Here the RHS of the above formulas are well-defined owing to the last two relations in 
Dehnition l2.ll The subalgebra of U q (g) generated by the is a sub-Hopf-superalgebra 

denoted by U q (g). To simplify notations, write s- t j := s[®\tij := t®. 

We recall symmetry properties of U q (g), following mainly |Zh2l [Zh3j . 

For gl(N, M ) =: g', let us dehne the quantum superalgebras U q (g'), U q (g') in exactly the 
same way as U q (g),U q (g), except that we interchange M,N everywhere. Let for 

i,j G I and n G Z>o be the corresponding RTT generators of U q (g'), so that their Z 2 - 
degrees are | = = \i\ + \j\' where \i\' = 0 for 1 < i < N and 1 otherwise. For 

i G /, set i := k + 1 — i. Let a G C x . The following are isomorphisms of Hopf superalgebras 


( £ ij •— 1 

(_ 1 )W+Mlil and eL := ( 



(2.4) 

<F a : U q (g) - 

- Gffi), 4“> ~ 4" 

} 1 y a- n t%\ 
y ’ 

(2.5) 

* ■ U q (g) - 

-* ‘if * ‘i^jf’ 

,(n) (n) 

t ij ^ £ ji s ji > 

(2.6) 

f ■ u q Q) - 

-> 4"’ -*■ 444 

4 n) -> 

y j 1 ji 


Here j4 cop of a Hopf superalgebra A takes the same underlying superalgebra but the twisted 
coproduct A cop := ca,aA and antipode § _1 . The \F, / restrict naturally to isomorphisms of 
U q {g) and U q (g'), still denoted by \F,/. Let f(z) G 1 + zC[[z]] and g{z) G 1 + 2 " 1 C[[ 2 " 1 ]]. 
The following are morphisms of superalgebras: 

(2.7) ev a : U q (g) — >U q (g), Sij(z) i-A - zatij, Uj{z) i-a - z~ x a~ x Sij, 

(2-8) : > u g(d), s ij( z ) ^ f( z ) s ij( z )> Uj( z ) ^ g( z )tij(z). 

These morphisms satisfy natural compatibility relations. For example, 

T o ev a = ev a -i o >F : U q (g) —> U q (g), /oev( = ev a o/ : U q (g') —■> U q (g). 

2.2. Highest ^-weight modules. The Hopf superalgebra U q (g) is P-graded: an element 
x G U q (g) is of weight A G P if s^xtff = q^’^x for all i G /. Indeed, and t^ are of 
weight €i — €j. Such a P-grading descends to U q (g). For a H 9 (g)-module V and A G P, we 

set (V)x to be the subspace of V formed of vectors v such that s^v = q^’^v for all i G /, 
and call it the weight space of weight A. 

Let V be a t/ 9 (g)-module. A non-zero vector v G V is called a highest £-weight vector if 
it is a common eigenvector for the s^\t^ and it is annihilated by the s^\t^ with i < j. 
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V is called a highest £-weight module if it is generated as a ?7 ? (g)-module by a highest £- 
weight vector. Similarly, there are the notions of lowest £-weight vector/module by replacing 
(i < j) with (i > j ). By dropping the (n), we obtain the notions of highest/lowest weight 
vector/module related to f/ g (g)-modules. According to Equation (12.21) . a tensor product of 
highest/lowest (A) weight vectors is again a highest/lowest (£-)weight vector. This is not 
necessarily true when replacing “vector” with “module”, yet we have the following: 

Lemma 2.2. [ Zh2l Lemma4.5] Let V+ (resp. V-) be a U q (g) -module of highest (resp. 
lowest) l-weight. Let v + G V + (resp. V- G V—) be a highest (resp. lowest) £-weight vector. 
Then the U q (g) -module V + (8> V- (resp. V- ®V + ) is generated by v + (8) V- (resp. V- (8) v + ). 

The proof of this lemma in fZh2| utilized the Drinfeld new realization of U q (g). 

For A = ^ P> let L(X) be the simple U q (g)-module of highest weight A; it is 

finite-dimensional if and only if Aj > A*+i for i M; see |Zr] . 

Example 1. The vector representation of U q {g) on V is defined by 

P(l) ( sa) = qi.Ea + E jj = P( l) (tfi 1 ) for * e I, 

j¥=i 

P(l)(sij ) = {Qi - <k l ) E Hi P(l)(*ji) = -(<li - ( k l ) E ji for * < j- 

v\ (resp. v K ) is a highest (resp. lowest) weight vector and v t is of weight for i G I. The 
resulting {/ 9 (g)-module V is L(ei). For a G C x , let V(a) denote the [/ 9 (g)-module ev*V. 

Example 2. The pull back \E f *V of the C/ g (g)-module V by the isomorphism T in (12.51) 
defines another representation pqjT of U q (g) on V. Let W be the corresponding U q (g)- 
module. For distinction, let us write Wi := for i G I. Now w K (resp. w{) is a highest 
(resp. lowest) weight vector and Wi is of weight —e*. So W = L(—e K ) as C/ g (g)-modules. 
For a G C x , let W (a) denote the f/ 9 (g)-module ev*W. 

To motivate the definition fundamental modules, let us recall the highest £-weight classifi¬ 
cation of finite-dimensional simple C/ g (g)-modules from ( Zhll ZhMl . Let S be such a module. 
Firstly S contains a unique (up to scalar multiple) highest A weight vector v. Secondly, for 
1 < i < k, the eigenvalues of su(z)si + i t i + i(z)~ 1 ,tu(z)ti + i t i + i(z)^ 1 associated to v turn out 
to be the z = 0, z = oo Taylor expansions of a rational function fi(z) G C (z) satisfying: 0 

(1) if i 7 ^ M, then fi(z) is a product of the <p . l ^ za i with a G C x ; 

( 2 ) .I'm(z) is a product of the c Yzac 1 c > a £ C x . 

Thirdly S i-A 11(5) := (fi(z))i<i <K G C(z) K establishes a bijection between the iso¬ 
morphism classes of finite-dimensional simple t/ ? (g)-modules up to tensor products with 
one-dimensional modules and elements in C(z ) K_1 with conditions (l)-( 2 ). Lastly, if S,S' 
are two finite-dimensional simple £/ g (g)-modules, then by Equation (12.21) . 5 <8> S' contains a 
highest ^-weight vector which gives rise to another simple module S" with 

n(s") = n(5)n(5') g c(z) k ~ 1 . 


^We use rational functions instead of Drinfeld polynomials in IZhll Prop.4.12] and [Zh3[ Prop.6.7]; they 
are indeed equivalent under the Ding-Frenkel homomorphism reviewed in IZh2l Theorem 3.12]. 
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Remark 2.3. Let A = JT £ P and a £ C x . When L(A) is finite-dimensional, 

. * r ,,,, _ ,q Xl — zaq~ Xl g ^- 1 — zaq~ XM - x q XM — zaq~ XM 
eV “ q x ? - zaq ~ x2 ’ ’ q x ™ - zaq~ x ™ ’ q ~ x M+i - zaq *M+i ’ 

^,-Am+i __ za q XM + 1 g - ^- 1 - zaq Xrs -~ 1 

q- A m +2 _ zaq XM + 2 ’ ’ — zaq Xn 

2.3. Fundamental representations. We are interested in such simple f/ (/ (g)-niodiiles S' 
that all but one components of n(S) are 1. They can be constructed by fusion procedures. 


Definition 2.4. Let a £ C x and s,t £ Z>o 6e suc/i that s < M and t < N. The sub- 
U q (' q) -module of <8>j =1 V(ag -2j ) generated by v® s is called a positive fundamental module 
and denoted by V^ a . The sub-U q (g)-module of <S>^—iW(aq 2 ^) generated by wf* is called a 
negative fundamental module and denoted by Vf a . 

The terminology “positive/negative” will be justified at the end of this section. The 
following proposition will be proved in 1171 fpage 1231) when twisted duals are introduced. 


Proposition 2.5. V+ a and V t a are simple U q (g)-modules for 1 < s < M, 1 < t < N. 
The following theorem is a special case of more general results in jBKKj . 


Theorem 2.6. Let 1 < s < M. The U q (Q)-module L(e i)® s = V® s is completely reducible. 
Its submodule generated by v® s is isomorphic to L(e\ + £2 + • • • + e s ) whose weight spaces 

are one-dimensional and whose weights are the +e* 2 H-b £j s where: i\ < *2 < • • • < i s ; 

if ik = ik+i then ik > M. Denote this sub-U q (g)-module by V+. 


In 11K K . to certain A £ P is associated an {M. A r )-hook Young diagram Y x (an ordinary 
Young diagram without box at the (M +1, N+ l)-position). Such L(A) has a crystal basis in 
the sense of Kashiwara labeled by semi-standard tableaux (assignment of numbers between 
1 and k to the boxes according to certain rules) in Y x . In the above theorem, 61+62 + - • -+e s 
corresponds to the Young diagram with s boxes in one column. The conditions of the ik 
are exactly those of being a semi-standard tableau. For example, when M = N = 2, the 
weights (and crystal basis vectors) are indexed by the following tableaux: 


M = N = 2,V+ = L(ei+e 2 ) : 



Lemma 2.7. For 1 < s < M, the sub-U q (g)-module V+ has a highest weight vector 

v (s) <8> v a( 2 ) ® ■ ■ ■ ® v a[s) £ V 0S . 

aG&s 


Here 1(a) denotes the length of a permutation a £ <5 S . 

Proof. Let us first prove that is a highest weight vector. By the weight grading on 
and U q (g), it is enough to show that SjkV^ = 0 for 1 < j < k < s. By using the 
relations of the Sjk (see the proof of [iZh3l Prop.4.6]), we can assume that k = j + 1. Let X 
be the set of permutations a such that a~ l (j) < a~ l (k). Let 6 be the simple transposition 
(j, k). Then & s is a disjoint union of X and OX, and 1(0a) = 1(a) + 1 whenever a £ X. By 
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using the formulas in Example [IJ we are reduced to the case s = 2 = k and j = 1. Now 
vi <8> V 2 — qv 2 <8> v\ is easily shown to be of highest weight. 

v ( s ) generates a sub-?7 g (g)-module S. It is of highest weight ei+e2 + - • -+e s and completely 
reducible by Theorem 12.61 S must be simple, and (S) S£k = (V® s ) S£k = Cuf s . This implies 
that V 0- C S. Since S is a simple [/ g (g)-module, V+ = S and v ^ G V+. □ 

Lemma 2.8. Let a G C x and 1 < s < M. as U q (gj -modules, V+ a = ev* aq _ 2s iy^) ® D for 
some one-dimensional module D. As sub-U q (g)-modules ofV® s , we have V+ a = V+. 

Proof. It is enough to prove the first part, as Vf~ C V+ a . Let fi(z) be the eigenvalue 
of sn(z) associated to the lowest ^-weight vector v® s in ®j =1 V(ag _2 - ? ). Then fi(z) = 
n-=i(i — zaq 2 i ) for i < n and / K (z) = nU(<i - 1 — zaq 2j+1 ). Similar statements hold for 
tii(z). Now set D = ^[/(~) c,(,)]C where C is the one-dimensional trivial t/g(g)-module and 

f(z ) = IIj=i(l — za q^)i9{ z ) = rij=i(l ~ z~ 1 a~ 1 q 2 i). Then the lowest ^-weight vector 
of ev* _ 2s (V(, + ) <S> D and v® s have the same eigenvalues of the su(z),ta(z). Since V+ a is a 
simple C/ g (g)-module, it must be isomorphic to ev* g _ 2s 0 D. □ 

Similar results as in the above two lemmas hold true for negative fundamental modules. 

Lemma 2.9. Let a G C x and 1 < t < N. LetVf he the sub-U q (g)-module of W®* generated 
by wff Then as sub-U q (g)-modules Vf~ a = V t ~, as U q (g)-modules Vf~ a = ev* aq2 (V t ~) ® D for 
some one-dimensional module D, and V t ~ has a highest weight vector 

w {t) = Y (-<l) l{c 7 )w K-t+c x(l) ® W K -t+*( 2) ® ® W K _ t+a{t) G W 0t . 

(T£&t 

Proof. Let v[, V 7 , e£, P', V[\ be the corresponding objects for g 7 (so 1 < t < N). By com¬ 
paring the highest l -weight vectors we get a [/^(g'j-hnear isomorphism 9 : /*W(a) = 
V'(a) <g> C j,Wi i-A Xivf <8> [I] where X{ G C x for i G / and Cp = C[I] is the one-dimensional 

odd module over U q (g'). The graded permutation V 7 (a) (g)Cp —> Cp<8> V'(a), being U q (g')- 
linear, induces an isomorphism of [/^(g'j-modules 

St : ®} =t {y\aq 2j ) ® Cp) —► (®} =t V 7 (a^)) 0 Cf. 

The assignment i —> (—l)^fc<i $1 =t Uj extends to a C/ g (g 7 )-linear isomorphism 

at : /*(<8ij = iW(ag 2j )) —> ®} = t/*W(ag 2 - ? ) by Equation (12.61) . The composition 

/* (<g>* =1 W(a^)) ®} =t r\V{aq 2 i) ^ <8>j =t (V 7 (aq 2j ) ® C T ) (<g>) =t V 7 (a<^)) ® Cf 

restricts to a C/g(g 7 )-module isomorphism d t : f*V t ~ a —> V^f q2t+2 ® C 0t . Lemmas I2.7H2.8I 
for the C/g(g 7 )-module Vj /0 can be translated into those for the C/ g (g)-module Vf a via dt- □ 

By comparing the weights, we see that as t/ fy (g)-modules. Vf~ = L{te{)*. Here the dual 
space V* = hom(E, C) of a t/ 9 (g)-module V is endowed with the C/ 9 (g)-module structure: 

(xl,v) := {-l) Wx \l,S(x)v) for x G U q (g),l G V*,v G V. 
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In |BKK| . te\ corresponds to the Young diagram with t boxes in one row. Again consider 
the example M = N = 2 = t. 


M = N = 2, V 2 ~ = L( 2ei)* : 


mr, 


1 2 


1 3 


mr, 


2 2 


2 3 


2 4 


3 4 


Example 3. V 2 is spanned by the vf 2 and Vi <S> Vj — (—l)Nbl qvj <g) m with M < l < k 
and 1 < i < j < k; see [ Zh2l §2], By Lemma 12.91 V 2 ~ is spanned by the ivf 2 and 
Wi (g> Wj + (—1)1*1 bl qwj <S> Wj. with 1 < l < M and 1 < i < j < k. In general, V+ (resp. V t ~ ) 
is seen as quantum exterior power /\* V (resp. symmetric power S q W). 


From Lemmas 12 . 8H2. 9 1 and Remark 12.31 we see that for 1 < s < M and 1 <t < N, 


j 1 — zaq 


—2s—2 


n (V+ a ) = (l s -\q- 


zaq 


-2s 


c-'-*), n(v;-) = i M ). 


± indicate the positive/negative powers of q in n(I/ = ^)| 2= o. Our definition of fundamental 
modules, viewed in terms of the highest ^-weight classification, is then in accordance with 
that in the non-graded case 10H Definition 3.4]; see also Footnote [2] 


3. R-matrices of fundamental representations 

The aim of this section is to construct Dq( 53 (-linear maps between fundamental mod¬ 
ules. The following lemma is our starting point. Its proof, postponed to f}7] (page [Ail) . is 
independent of denominators of normalized R-matrices; see the remark before Theorem 17.21 

Lemma 3.1. Let V,W be two fundamental modules with highest l-weight vectors v,w re¬ 
spectively. For a,b £ C x , denote V a := and Wb := ^W. There exists a finite set 

E C C x such that: if | ^ £, then V a <S> Wb is a simple U q (g)-module and there exists a 
unique U q (g)-module isomorphism V a <g> W& — > Wb (8> V a sending v 0 w to w ®v. 

Remark 3.2. Presumably the quantum affine superalgebra U q (g) admits a universal R- 
matrix 'R(z) £ (d)®U q (q)[[z]\. Here Uffi (g) (resp. U~(g)) is the subalgebra generated 
by the (s^' ) ) ±:L , sff (resp. the (£^) -1 , and (g) is a completed tensor product arising 
from the weight grading. The D g (g (-module isomorphism in the above lemma can then be 
thought of as (up to a scalar factor which is a meromorphic function in the specializa¬ 
tion cyw^-i l)\v,w- In [Zh2 . §3.3.6] a Hopf pairing ip between these two subalgebras was 
constructed. The author believes that (p is non-degenerate and its Casimir element gives 
IR(z). See [Zh4] for a proof in the case gl(l, 1). 

The following result is taken from |Zh21 Lemma 4.6]. 

Lemma 3.3. For a,b £ C x , cv,vR(a, b) : V(a) < 8 > V( 6 ) —> V( 6 ) ® V(a) is U q (g)-linear. 

Let F : V(a) (g> W( 6 ) — > W( 6 ) <g> V(a) be a R g (g)-linear map sending v\ ®w K to w K ®v i; 
by Lemma 13.11 F exists when ^ is generic. We shall compute the F{vi ®wf). 

Step I. For k l, Cvk <8> wi is the weight space of V(o) ® W (b) of weight — e/. The zero 
weight space is spanned by the Vi®Wi. Similar statements hold for W (b) < 8 > V(a). Since F 
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respects the weight spaces, there exist A ij,6 k i for i,j , k,l £ I and k / l such that = 1 , 

F(vj 0 Wj) = ^ A ijWi 0 Vi, F(v k 0 wi ) = 9 k[ wi 0 Vk for k ^ l. 
iei 

Step II. Let i,j, k £ I be such that i < j < k. Compare 6ij with 9i k . We have 
(2 .a) F(s jk (vi 0 Wj)) = s jk F(vi 0 wj) = 9ijS jk (wj 0 Vi). 

By Equation (12.21) and Examples [lH2j 
k 

Sjk(Vi 0 Wj) = ^(Sjl 0 Slk)(Vi 0 Wj) = (Sjj 0 Sj k ){Vi 0 Wj) = + <g> Sj k Wj 

1=3 

= Vi® Sj k Wj = (q^ 1 - q k )vi 0 w k , 
k 

Sj k (wj 0 Vi) = ® s lk)( w j ® Vi) = (Sjk 0 s kk ){wj 0 Vi) = (q^ 1 - q k )w k 0 Vj. 

1=3 

It follows from (2.a) that 6ij = 9i k . Next compare 9j k and 9j k by using 
tji(vi 0 w k ) = (tji 0 tu)(vi 0 w k ) = (q- 1 - qi)vj 0 w k , 
tji{w k 0 v^ = ( tjj 0 tji){w k 0 Vi) = (-l)l l l+b'l(gr 1 - qi )w k 0 Vj. 

Applying Ftji and tjiF to Vi ®w k we get 9i k = (—l)l*l+bl Qj k . Now compute 

t kj (vj 0 Wi) = ( t kj 0 tjj)(vj 0 Wi) = (i qj 1 - qj)v k 0 w iy 

t k j(wi 0 Vj) = (t kk 0 t kj )(wi 0 Vj) = (qj 1 - qj)wi 0 v k . 

Applying Ft k j and t k jF to Vj 0 w t we get Oji = 9 k i. At last consider 

Sij(v k 0 Wi) = (sa 0 Sij)(v k 0 Wi) = (— l)l'l + l j l(< 2 , “ 1 - qj)v k 0 Wj, 

Sij{wi 0 v k ) = (Sij 0 Sjj)(wi 0 v k ) = (qj 1 - qj)wj 0 v k . 

Applying Fsij and SijF to v k 0 Wi we get 9 k i = (— 1 )l*l+bl 9 k j. 

Step III. We assume that j < k. Let us compare 9 jk and 9 k j. Compute 

Sjk(vk 0 Wj) = (Sjj 0 Sjk + Sj k 0 s kk )(v k 0 Wj) = (qj - qj l )(vj 0 Wj - v k 0 w k ), 

t kj (vj 0 w k ) = (t kk 0 t kj + t kj 0 tjj)(vj 0 w k ) = (qj - qj 1 )(v j 0 Wj - v k 0 w k ). 

By applying F to the above identities, we get 9 k jSj k (wj 0 v k ) = 9j k t k j(w k 0 vj). On the 
other hand, a straightforward calculation indicates that 

Sj k (Wj 0 V k ) = t k j(w k 0 Vj) 

= (Qj ~ Qj 1 )(Qj l Wj ®Vj+ ^2 (Qj 1 ~ Qj) w i ®vi- (-l)^l+l fc l qk w k 0 v k ), 

j<l<k 

It follows that 9j k = 9kj and F(vj 0 Wj — v k 0 w k ) = 9j k (qj — qj 1 )~ 1 Sj k (wj 0 v k ). In 
conclusion, for all i.j £ /, we have 9 %J = 6\ K (— 1)1*11^1 = (—i)l*lb"l. 
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Step IV. Assume that j < k. Let us apply Fsj k and Sj k F to v k <g> w k . We have 


Sjk{v k <8> w k ) = (s jk <g> s kk )(v k <8>w k ) = q k (qj - ^ )vj®w k . 


So Fsj k (v k <g> w k ) = Oj k q k (qj - q■ )w k <g> vj. If i / j, k, then Sj k (iVi g> Vi ) = 0. Otherwise, 

Sj k (wj <g> vj) = ( Sj k <g> s kk )(wj <S> Vj) = (q k l - q k )w k <S> Uj, 

<8> Ufc) = (Sjj ® Sj k )(lV k ®V k ) = (-l)h'l+l fc l(g j - q~ 1 )w k (g) Uj. 

It follows that 

Step V. Let us apply Fs K i(z) and s K \(z)F to v\ <g) w K by developing 

s K i(z)(vi <g> w K ) = (s Kl (z) <g) snO) + s KK (z) (g) s K i(^))(ui <g> w K ) 

= (q - q~ 1 )za( 1 - zb)v K ®ro K + (l- za)(q ~ 1 - q)zbv\ <g w\, 

S K l(z)(w K (g)Ul) = z) (g) SZl(z))(w«; (g) Ul) 

l 

= (<? -1 - q)zb(q - zaq~ l )w\ <g> ir — (q — zbq~ 1 )(q - q^zaw*, <g) v K 
+ XI (-i) 1 * 1 ^" 1 -qi)zb(q-q- 1 )zawi®v l . 

1 <1<K 

From the identity Fs re i(z)(ui <g> u; K ) = s K i(z)(K; re (g) ui) we deduce that: 

. bq — aq~ l a(q — o _1 ) 

F(ui <g) rci) = — -- —wi (giui H--—-— vi, 


F(v k <g) w K ) = 


b — a 

b(q~q -1 ) 
b — a 


b — a 


l> l 


E bq 1 — aq 

wi®vi - 7 -<g> u K . 


1<K 


b — a 


By using the identity for F(u* <g) — v K <g) u> K ) in Step III, we obtain that for i £ I, 


F {Vi ® Wi) = Y. ® „ + (-i)Kihi^V, 

Z —' 0 — a h — n 


l<i 


b — a 


-Wi <g> v. 


+E 


l>i 


g(q-q ) 

b — a 


-Wl <g) U/. 


Now let us introduce the matrix := cw.vl 7 € End(V <g) W): 


if 


bqi-aq. 


-Ea g) E j - 


(3.9) 


a,b — X) ® + X) 6- a ^ 

iAi *6/ 

+ E + E 5!s SpE fi 8 %<• 

i<i i>j 

Here by abuse of language E % j is also in End(W) sending w k to 5j k Wi. 


Lemma 3.4. cv,w-R)X : V(a) <g> W(6) —>• W (b) <g> V(a) is a morphism of U q (g)-modules 
provided that a,b £ C x and a / b. 

Proof. Let 711,712 denote the representations of U q (o) on V(a) <g) W(6) and W (b) (g> V(a) 
respectively. We need to show that for x an arbitrary RTT generator of U q (g), 

(*)x ■ (a - b)cv,-wFi+Jf'Ki(x) = (a - 6 ) 712 (x)cv,wi?^- 
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By Examples [T][2] and Equation (12.21) . 7 t 2 (x) are polynomials in a, 6. Combining 

Equation ()3.9|) . we see that (*) x is a polynomial equation in a, b. Lemma [3.31 and the above 
explicit computation of F prove (*) x when | is in the complementary of a finite subset of 
C x . By polynomiality (*) x is true for all a,b £ C x . □ 

Let us define two classes of fusion .R-matrices: s, t £ Z>o, 

1 S 

(3.10) R* :=niI('Cr»,^)wi 6 End(V®‘ ® W®‘), 

j=t i=1 

Is si 

(3.11) R s a l := n n R{aq- 2i M-^\ s+j = If II ^( a <T 1 2 * \ bq~ 2j \ s+3 £ End(V® s+t ). 

j=ti =1 i=l j=t 

The last equation holds by definition of the tensor subscripts in 112.11 

Lemma 3.5. Let 1 < s < M and t £ Z>o- 

(A) Suppose t < M. Then for all a,b £ C x , the linear map 

c v ® Sj v®*<i : (®! =1 V( a( r 2i )) ® (®$ =1 V(6g- 2 J)) —► (<8 i* j=1 V(bq~ 2 ^) 0 (0f =1 V(a,T 24 )) 
restricts to a U q (g)-module map V+ a ®V+ b —>• 0 V^ a . In particular, there exist 

X, Y £ C[a, b\ such that i£’*(uW 0 «(*>) = 0 <f 6 (w® s+ *) = Euf s+4 . 

(B) Suppose t < N. Let a,b £ C x 6e such that aq~ 2t ^ bq 2; > for all 1 < i < s and 
1 < j < t. Then the linear map 

eys-.w®*^ = (®?=iV(a<T 2i )) 0 (0 4 =1 W(&<^)) —► (0 4 =1 W(&<^)) 0 (0? =1 ‘V(a ? - 2i )) 
restricts to a U q (g)-module map V+ a 0 Vf~ b —> V t ~ b 0 V+ a . Furthermore we have 
0 w®) = 0 0 ref 4 ) = 0 wf *. 

Proof. We shall prove (A); the same idea goes for (B). By Lemma [3731 F aib := cy®* v®*-^! 
is indeed t/ g (g)-linear. By Equations (12.11) and (13.111) . 

(1) : F a , b {v® s+t ) = Yv® s+ \ Y := f[ ^(ag-*- 1 ~ bq~ 2 * +1 ). 

i=lj=l 

It is therefore enough to show the following (by Lemmas 12.8112.91 Vfa = Kf) 

(2) : F a>b (V+ 0Vf)C V t + 0 V+, F a , b (u (s) 0 v (t) ) £ Cv (t) 0 u (s) . 

By Equation (|2.ip the matrix coefficients of F a b £ End(V® s+t ) are polynomial in a, b. Let 
E C C x be as in Lemma 13.11 so that Si := V+ a 0 V t \ = V f + b 0 V+ a =: S 2 are simple 
f/ 9 (g)-rnodules whenever | ^ E. We show that (2) holds for | £ C x \ E. This will imply 
(2) for all a, b £ C x by polynomiality, as in the proof of Lemma 13.41 

Let f ^ E. Then the simple C/ 9 (g)-modules Si and S2 are both generated by v® s+t . By 
(1), F a)b restricts to C/ g (g)-linear map F a b : S 1 —> S 2 , and the hrst relation in (2) is proved. 
Since v^ 0»® and v® are highest l- weight vectors of Si,S 2 respectively, they must 

be stable by F ab . This proves the second relation in (2). □ 
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4. Denominators of ^-matrices 

Lemma 13.51 together with its proof gives us three types of rational functions of the 
End(D s + 0V r t + )-valued X~ l R s ^ b \ v +^ v + and Y~ 1 * * R S a ’l\ v +^ v + for 1 < s,t < Af; the End(V r s + 0 

V t )-valued Rab\v + ®v~ for 1 < s < Af, 1 < t < N. The denominator of such a rational 
function R(a, b ) is defined as a homogeneous polynomial D(a, b ) in a, b of minimal degree 
such that D(a, b)R(a, b) is polynomial; it is well-defined up to scalar product by a non-zero 
complex number. In this section, we shall compute these denominators. 

In the following, if v,w belong to the same vector space and v £ C x w, then we write 
v = w. The denominator of the third rational function is fairly easy. 

Theorem 4.1. Let 1 < s < M and 1 < t < N. The denominator of the End(V r s + 0 Vf)- 
valued rational function R S }\\v+&v~ — aq~ 2s . 

Proof. By definition v® s is a lowest •£-weight vector generating the simple t/,j(g)-module 
V+ a . Owing to Lemmas 12.21 and [2781 v® s 0 w® generates the U g ( g)-module Vf a 0 Vf b . By 

Lemma [3.51 R^ b respects the C/q(g)-module structures. We are reduced to consider the 
rational function x a ^ ■= 0 w^) £ V® s 0 Wf(a, b). 

Claim. A vector in the subspace Vf of W®* is uniquely determined by its components 
u>i 0 W® t_1 with i = nori<K — t. @ 

Proof. We prove the equivalent following statement P(t) by induction on 1 < t < N: 

P(t ) : Vf n ( Wj 0 W®*” 1 ) = 0. 

K—t<j<K 

For t = 1, this is obvious. P( 2) comes from Example [3j Assume that t > 2. Suppose that 
LHS of P(t) contains a non-zero vector y = Z2jZ K _ t+1 Wj 0 Xj. By Lemma [2791 

Vf = Ugitiiwf- 1 0 m) C U q (g)wf -- 1 0 W = Vf x 0 W. 

The induction hypothesis P(t — 1) implies that x K -t +1 f 0. A careful analysis of the first 
two tensor factors of y in view of Vf C Vf 0 Vf 2 leads to 

K—l K—l 

y = w K - t+ i 0 ^2 wj 0 yj -)- ^2 w j® {~q)w K -t +1 0 Vj- 

j = K,—t +2 j=K-t-\- 2 

Since Vf C W0V r t L 1 , we must have 0 f x K -t+i = Ylj=l,-t +1 w j®yj £ Vf l , in contradiction 
with P(t — 1). This proves P(t). □ 

Let us determine the components V® s 0 w l 0 W®*” 1 in x a ^- By Equation (I3.10p . 

S 

<1 = • • • CTi, Fj = !!(<-», W 

1 = 1 

2 To illustrate this claim, let A be the algebra generated by the Wi for i G I and subject to relations 

WiWj — (—l)ldbl qwjWi = wf = 0 for 1 < i < j < k and M < l < ft; see Example[3] Let 1 < t < N and m 

be a non-zero product of t wds. Then up to scalar multiple m = Wim' with i = Korl<i<K-t. 
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Let t G & t . If r(l) / t, then Fi fixes the term v® a ®w K _ t+T m ®> • -^w K _ t+T ^ in v® s ®w^. 
Applying FfFt-i ■ ■ ■ F^ to this term results in irrelevant components V® s 0u;j0W®* _1 with 
K—t < j < k. We are reduced to consider the case r(l) = t and to evaluate R S J t b (v® s <gHiw K ®x), 
where x is a sum of (t — l)-fold tensor products of the Wj with k — t < j < n. By Equation 
(13.91) . the term V® s W®* -1 in F\(v® s <g>w K ®x) is 


n 


bq-q - aq 21 q 9s 
bq 2 — aq~ 21 Vk 


' w K ® x = q 


s b Q 2 - a 


l=i 

Notice that the Fj with 2 < j < t fix 


bq 2 — aq 


-2,W 


i w K 0 x. 


w K ® x. So the above term is exactly the 


component of V® s 0 w K 0 W®* 1 in x a ^. For 1 < i < k — t, again by Equation (13.91) . the 
terms V® s 0 uq 0 W®*” 1 in Fi(u® s 0 w K 0 x) and in x a ,b are the same: 


Vf 1 ) (^-fc)(N+i) feg 2 (g«-gj x ) TT 
bq 2 — aq~ 2k -U- 


k =l 


l = k +1 


bq-q - aq 2l q 
bq 2 - aq~ 21 V * 


0 Vi 0 v 


®s—k 


<S)Wi<S>x. 


The coefficients are (—l)( s fc )(N +1 ) bq bq 2 _^ q - 2 s i —-. Together with the claim, we conclude 
that the denominator of x a ^ is bq 2 — aq~ 2s . □ 


The denominators of the first two rational functions are given as follows. 

Theorem 4.2. Let 1 < s,t < M. Let u = min(s,t). In the situation of Lemma \3.5\ (A), we 
have y = % where N = nj=i( a — bq~ 2 ^~ u+ ^), D = ]Xj=i ( a — bq 2 ^ s ~ u+ ^). Moreover, N 
(resp. D) is the denominator of the End(I4+ <S>V t + )-valued rational function x^af>ly + ®v + 

(resp. yR a ]b\v s + ®v t + )■ ^ 

Proof. The idea is similar to that of Theorem 14.11 We shall compute y and prove the 
statement for yR s f b\v+®v + ' N°ti ce that Y is computed in the proof of Lemma [331 

Step I. By definition X is the coefficient of (—q) 1 ^ v^ <S>vt<^vt- 10- • -0ui in 
here tq G & t is the permutation j i-A t + 1 — j. 

Claim 1. For 1 < i, j < k, the term V® s 0 Vi appears in Ra}c{v^ <8> Vj) only if i < j. 

This comes from the fact that Ra}c{V+ a 0 V^f) C 14+ 0 V+ c and v^ is a highest ^-weight 
vector of I++. For 1 < j < t, let Xj denote the coefficient of v^ ®Vj in R s f\ q - 2 (t-j) (' v ^ ®Vj). 
Then X = X t X t -\ ■ ■ ■ X\ by Equation (13.111) . 

If j > s, then the coefficient of u s 0t) s _i <8> • • 0 Vj in R S f\ q - 2 (t-j) (, v s®v s -i 0 • • • v\ <S>Vj) 

gives Xj = r[f=i {aq~ 2t — bq~ 2 ^ t+l ~^). 

If j < s, then the coefficient of u± := Uj0(u s 0u s _i0- • •0Uj-|_i)0(uj_i(0Uj_2<8)- ■ ■ v\)<S>Vj 
in R s ^ bq _ 2 (t- j ){ui) gives Xj = ( aq _1 - &g-2(t+i-i)-i) x \[ s i=2 {aq~ 2i - bq~ 

In the following, we mainly treat the case s < t so that u = s. The case s > t will 
be sketched at Step V. Consider the V® s +Lyalued polynomial U 2 ■= R^iv^ 0 u® 4 ). As 

^In the non-graded case, U q (gl M ) has fundamental modules V S} a where 1 < s < M and a G C x such that 
n(F s ,a) is of the form (T -1 , q 1 fl a z q aq - 2 a 1 1 M_1_S ); see i |2.2l Up to shifts of spectral parameters, V s , a is Vf s ' > 
in fDOl §2.2], and the denominator for 1/^+ and therein is a polynomial of degree min(s, t, M — s, M — t). 
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in the proof of Theorem 14.11 the denominator of u 2 is that of lu+<g>y+- Already 

X = a-b q l nu nj=i(«9~ 2i - bq~ 2 i) and x = #. 

Step II. By Equations (12.11) and (13. lip , it 2 is a linear combination of the (8) • • • 0 u Js+t 

where appears once if i < s and t times if i = k. Similar to the claim in the proof of 

Theorem 14.11 it is enough to determine for a given pair (0 < r < s,a £ <3 S ) the coefficient 
k r)(T in u 2 of the vector v® r 0 ivqj 0 v a ( 2 ) © • • • 0 f<r(s) 0 v^ t ~ r . 

Step III. Let 1 < i < s. Define Wi to be the set of a £ 6 S such that a(s) = i. Set 

%' S) := (-?) i(ff) W«T(l) ® V a{ 2 ) ® • • • ® ^(,- 1 ) G y^Li >0 . 

a&Wi 

View 6 s _i as the subgroup of © s formed of permutations fixing s. The multiplication 
(5 s _i —> & s , a i-a TiTi + 1 • • • t s —\(j induces a bijective map 6 s _i —> Wi which increases the 
length of permutations by s — i; here the r ? := (j. j + 1) denote simple transpositions. Now 
the next two claims comes from Equations (12.11) and (13.111) . 

Claim 2. R^~ b 1,1: (v^ 0 v® 1 ) is obtained from (— q) s ~ l R^' 1 {v^ s ~ 1 ^ 0 v® 1 ) by replacing the 
Vj in the tensor factors with Vj+\ whenever i < j < s — 1. 

Claim 3. The term V® 5 ” 1 (8>Ui0 V®* in u 2 is obtained by inserting f s Vi at the s-th position 
of the tensor factors of R ^ b 1 ^ (v^' > 0u®*). Here 

t 

0). fs = Y{{aq~ 2s - bq~ 2: >). 

3 = 1 

The next claim reduces the problem of V+ 0 V t + to the case V s + 0 V, + . 

Claim 4■ Let g r be the coefficient of v® r 0 v\ 0 v 2 0 ■ ■ ■ 0 v r in R^ r b [y^ 0 v® r ). Then for 
cr € & r , the coefficient of v® r (8) v a ^ 0 v a ^ 0 ■ ■ ■ 0 v a ^ 0 v® t ~ r in R r f b {v^ 0 v®*) is 

r t 

(b). {-q) l ^g r X n n - bq- 2j+1 ) =: {~q) l ^h r . 

i— 1 j=r -\-1 

Indeed, bases on the explicit formula of £ I4 + , the coefficient of v® r 0t) ff ( 1 ) ®v a ( 2 ) ® 
• • • 0 u CT ( r ) in R r a r b { v ^ ® v k r ) £ K + ® K + should be {—q) l ^g r - Combining Claims 2-4, 
we obtain the following: for 0 < r < s and a £ 6 S , the coefficient in u 2 of the vector 

vT ® v a{1) 0 v a{2) 0 • • • 0 v c{s) 0 v® t ~ r is 

(c). {-q) XrT ’ s ~ r f s f s -1 • • • fr+ih r = k r , a 
for certain x a _i £ Z> 0 defined inductively by Claims 2 and 4. 

Step IV. Compute g s . Let a £ 6 S with ii := cr~ 1 (l) for 1 < l < s. By Equations (12.11) and 
(13. lip , the coefficient of v® s 0 v\ 0 v 2 0 • • • 0 v s in Rat( v <r(i) 0 v a ^ 0 • • • 0 v a ^ 0 v® s ) is 

(-l)'W (og~ 2Z - bq~ 2 ) X aq~ 2il (q - q' 1 ) 

Ijtil 

( aq~ 21 — 6g -4 ) x aq~ 2l2 (q — g -1 ) x ( aq~ 2n ~ l — bq~ 3 ) 

1 ^ 11,12 


x 
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x II ( a< l~ 21 ~ 6 ^~ 6 ) x a( l~ 2iz ^ ~ 9" 1 ) x ( aq~ 2il - 1 - bq~ 4 5 )(aq~ 2ii ~ 1 - bq ~ 5 ) 

i^*l>* 2,*3 

,-2W„ „-l\ ^ TT l —-2i-l j,„-2s+1n. 


x • • • x aq 2ls (q — q x ) x (aq 

Ij^is 


- bq~ 2s+1 ) 


= (-1 )'Wo'(g - 9 - 1 ) a ? -a(a+ 1 )- 2 i! 5 Ji Yl(aq~ 21 - bq~ 2j ). 

l=i 3=1 

From the explicit formula of it follows that g s = a s C s njundta- 21 — bq 2j ) where 


S S — 1 


C s := (q - q-'Yq-^+V-^i V q 1 ^) = {q - g” 1 )TT £. -1 

' ±J - o — 1 

crG0s i=l 


/o. 


Combining with the formulas (a)-(c) above, we have: 

a r 

kr,cr = fsfs—1 ' ' ‘ fr+lhr = t = F? 7 Zn; j 

n,; = iH 24 -bq 


-It' 




*=1.7=1 


It follows that = a r (a — bq 2 ^ s )) ]Xj =t _ r { a — bq 2j ) 1 . 

Step V. Finally, let us consider the case s > t. We determine the poles of the V® s+ *-valued 
function R^iv ® 3 <S> =: 1x3. We have X = a ~^ q _ b n*=i ri/=i( a 9 2 * — bq~ 2 i) and again 

Y = W' As in Step II, we are reduced to determine the coefficients k! r a in U 3 of the vectors 
V® s ~ r ® 7 V (1) ® • • • v a{t) ® 
and Step IV indicate that 


r <8> <8> • • • <S> v® r where (0 < r < t, a £ 6 t ). Similar arguments as Claims 2-4 


fcr,ff n5=t-r+iN 2 -^ 2j )t\f=i 


xiiiito-*-* 




Hence -4^- = b r (a- b ) n,=t- r ( a “ bq 


- hn -^)- 1 


□ 


5. Weyl modules over quantum affine gl(l, 1) 

In this section M = N = 1 and 0 = 0 l(l, 1). We discuss Weyl modules over U q (g), which 
were previously defined in [Zhlj 1 

Let Ro be the set of rational functions f(z) £ C(z) which are products of the c ^f-^ with 
a, c € C x . Let Ri be the set of pairs (f(z),P(z)) £ Ro x C [z] such that P{z) £ 1 + zC[z] 
and jpy £ C[z\. (So deg j = degP.) For (/, P) £ Ri, the Weyl module W(/;P) is the 
[/qCjjj-module generated by an even vector w and subject to relations: 

(Wl) s\ 2 (z)w = t\ 2 (z)w = 0, S 22 (z)w = t 22 (z)w = W, Su(z)w = f(z)w = tu(z)w; 

(W2) j^-S 2 i(z)w £ W(/; P)[[z]] is a polynomial of degree < degP. 


4 In IZhll §4.1] Weyl modules were defined in terms of Drinfeld loop generators. It is not difficult to 

translate it by RTT generators, using the Ding-Frenkel homomorphism reviewed in IZh2l Theorem 3.12]. 
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In the last two equations of (Wl), f(z ) G C (z) is to be developed at z = 0, oo accordingly. 
Let V (/) be the simple highest I -weight C/q(g)-module whose highest l -weight vector is even 
and verifies (Wl). Let / = H,: D be such that a,i,Ci G C x and a* ^ ajcj whenever 

i / j. Then V(f) = <S>iV(Ci ) as C/ g (g)-modules [Zh2l Theorem 5.2], 

ZCLfC^ 

Recall from |Zh4l §2] the Drinfeld generators of U q (g): E n , F n ,h s ,q (s^) ±:L with n € Z 
and s € Z^o- Set F + (z) := — J2 n >o FnZ n and cfi ± (z ) = ^) s>0 '/’is' 21 ' 15 - We have: 

sfi ex P (0? ~ = sn(z), (sfi ) -1 exp((g ' 1 - q)^h s z s ) = * 11 ( 2 ), 

s>0 s<0 

AF + (^) = <fi + (z) (8 T + (^) + F + (z ) 0 1, A(/> ± ( 2 :) = ^(z) <8 (^(z), 

1 — o 2s 

[/i s ,F n ]= — _ F n+S , F n F m + F m F n = 0 = h s h t - h t h s , F + (z) = s 2 i(z)s 1 i(z)~ 1 . 

s[q q ) 

The are central. Let U~ (resp. U-°) be the subalgebra generated by the F n (resp. the 
other Drinfeld generators). Then U q (g) = U~U-°. 

Lemma 5.1. For (f,P ) G Ri, W(/;P) has a simple quotient V(f) and is spanned by the 
F ni F m ■ ■ ■ F ns w with s > 0 and rij > 0 for 1 < j < s. Furthermore, for all w' G W, (W2) 
holds and cfi + (z)w' = f(z)~ 1 w l . 

Proof. Let V(f) = ( 8 * = iR(/i) be a decomposition with /* = a for 1 < i < l. Then 

Z&iC1 

P(z) is divisible by ni=i(l — zaf). Let Xi G V(fi) be a highest ^-weight vector. Set 
x := < 8 >i = i Xi. From the coproduct of F + (z) and cfi + (z ) we get 

1 

F + (z)x = ^(< 8 K<j(fi + (z)xi) ®F + (z)xj (8 ( ®i>jXi ). 
j =1 

In view of the explicit construction of V(fi) in | IZh4t §5], both (1 — zai)cfi + (z)xi = cf 1 ( 1 — 
zaiC?)xi and (1 — zai)F + (z)xi are polynomials of degree 1. It follows that nU(i - 
zai)F + (z)x is a polynomial of degree < l, implying (W2) for x G V(f). So V(f) is a 
quotient of W (f;P). Observe from [ Zh4l §2] that for the highest ^-weight vector x we 
have (fi + {z)x = s 2 2 {z)sii{z)~ 1 x G C[[z]]a;. The remaining statements then come from 
U q (g) = U~U- (> and from the commuting relations of Drinfeld generators listed above. □ 

Proposition 5.2. Let ( f,P),(g,Q) G R\. If the polynomials j and Q are co-prime, then 
W(/; P) <8 W(g; Q) is of highest I-weight and is a quotient of W {fg\ PQ ). 


Proof. Let degP = l and deg Q = u. Let x' G W (f]P) and y' G W (g;Q) be homogeneous 
vectors. From the above lemma, P(z)F + (z)v’ = Yl\=i zlx i and Q{z)F + (z)y' = Yl'j=i z ^Vj 
for certain x t G W(/; P) and y 3 G W(< 7 ; Q ). 


F + (z)(x' <8 y') = F + (z)x' <8 y' + (—1 )^ x '^(fi + (z)x' <8 F + (z)y' 

1 




'Y^,z 3 x' ®yj). 
3 = 1 
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P(z)Q(z)F + (z){x'®y') is a polynomial of degree < l+u. Introduce T{z) := (—it is 
a polynomial of degree l. Since Q(z) and T{z) are co-prime, the polynomials z l Q(z), z^T(z) 
with 1 < i < l and 1 < j < u are linearly independent, and the Xi®y',x' 0 yj are in the 
subspace spanned by the coefficients of P(z)Q(z)F + (z)(x' < 8 > y'). 

We have proved that F s x' 0 y',x' 0 F s y' £ U~(x' 0 ]/) for all s £ Z>o and x' 0 y' £ 
W(/; P) 0 W (g; Q ). This implies by induction on s, t £ Z>o that 

F m F n2 ■ ■ ■ F ns x' (g) F mi F m2 ■ ■ ■ F mt y' £ U~(x' 0 y') for m, ■ ■ ■ , n s , mi, ■ ■ ■ , m t £ Z >0 . 

Take x',y' to be the highest ^-weight generators of W (f;P) and W (y,Q). From the above 
lemma we see that "W(/; P)®W(g; Q) = U~(x'®y’). Moreover, x'®y' satisfies the conditions 
(W1)-(W2) in the definition of W (fg; PQ). □ 

6. Cyclicity of tensor products 

In this section we provide sufficient conditions for a tensor product of fundamental mod¬ 
ules to be of highest £- weight, improving previously established ones in |Zh2j . 

The main result of this section is as follows. For r\. r '2 £ Z>o, set 

S(?’i,r 2 ) := {q 21 £ C | r 2 - min(ri,r 2 ) < l < r 2 }. 

Theorem 6.1. Let k, l £ Z>o- Let 1 < r\, r 2 , ■ ■ ■ , < M and 1 < si, s 2 , ■ ■ ■ , s/ < N. Let 

ai,a 2 ,-" ,a k ,bi,b 2 ,--- M £ C x . The U q (g) -module (< 8 )j fc = iK|",ai) ® (® l j= 1 V~ b .) =: S is of 
highest t-weight if the following three conditions are satisfied: 

(Cl) ^ £ ’P{r i ,r j ) for\<i<j < k; 

(C2) ^ ^ E(si, Sj ) for 1 < i < j < l; 

(C3) aiq~ 2ri bjq 2 for 1 < i < k and 1 < j < l. 

The proof of the theorem needs a series of reduction lemmas. In the following, for V±, V 2 
two t/ g (g(-modules, we write V\ ~ V 2 if as I/ g (g(-modules Vi = V‘ 2 ®D for a one-dimensional 
U q (g)-module D. Let A, B be two Hopf superalgebras. Let g : A —> B be a morphism of 
super algebras. (In general g does not respect coproduct structures.) Let V be a S-module 
and W a sub-vector-superspace of V. Suppose that W is stable by g(A). The action of 
g(A) endows W with an ^4-module structure, denoted by g*W. 

From now on, set U := £/ g (gl(l, 1)(. Let g\ : U —> U q (gj be the superalgebra morphism 

defined by ^ ' SlK ^A and similar formulas for the tiAz). The 

\s 2 i(z) S 22 (z)J V s «i( z ) S ™( Z )J 

following special property of fundamental modules is crucial in our reduction arguments. It 
was used implicitly in the proof of |Zh2i Theorem 4.2], We think of the trivial module also 
as fundamental modules: C = V^ a . 

Lemma 6.2. Let X\ (resp. X 3 ) be a positive (resp. negative) fundamental module with 
xi (resp. X 3 ) a lowest (.-weight vector and let Yj := g\(U)xj C Xj for j = 1,3. Let X 2 be 
another U q (g)-module andY 2 a sub-vector-superspace of X 2 stable by gi(U). Then: 

(1) Y\ <2> Y 2 ® I 3 , as a subspace of the U q ((Q)-module X\ <g> Jf 2 (g) X 3 , is stable by g\(U); 

(2) The identity map Id : g*(Y\ <g) Y 2 <g) Yf) = g\Y\ <g> < 7 *T 2 0 g*Y 3 is U-linear. 
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Proof. Let us assume first that X 3 is the trivial module. We shall prove that Sij(z)Y\ = 
0 = t l j(z)Y\ whenever i G {1,k} and j ^ {1,k}; this will imply (1) and that the operators 
g'f 2 (Ajj(y)) and A u<j Q' ) (gi(y)) on Y\ 0 Y 2 are identical for y an arbitrary RTT generator of 
U, which proves (2). Let X\ = Vff a with 1 < s < M. By Lemma I2l8l and Theorem 12.61 Y\ 
is two-dimensional, and its weights are Ai := se Kl X 2 ■= ei + (s — l)e K . Let u G Y\ be of 
weight Afc with k = 1,2. Then Sij(z)u and Uj(z)u are of weight A & + e* — ej, which is not a 
weight of V+ a by Theorem 12.61 So Sij(z)u = 0 = tij(z)u, as desired. 

Secondly let us assume that X\ is the trivial module. We prove that Sij(z)Y$ = 0 = 
t tJ (z)Y$ whenever j G {1,ac} and i ^ {1,k}; this will also imply (2). Let X 3 = V~ a with 
1 < r < N. The proof of Lemma 12.91 and Theorem 12.61 show that: I 3 is two-dimensional 
with weights y\ := —re 1 , /12 := — (r — l)ei — e K . Now + ej — ej is not a weight of V~ a for 
fc = 1 , 2 , leading to the desired result. 

The general case is just a combination of the above two cases. □ 


Let us fix three distinguished vectors of a positive fundamental module V as follows: v l 
is a highest ^-weight vector; v 3 is a lowest ^-weight vector; v 2 = s^v 3 . For a negative 
fundamental module W, the three vectors w l ,w 2 ,w 3 are defined in the same way. We shall 
be in the situation of Theorem ED and add sub-indexes to emphasize the fundamental 
modules; for example vj G Yff ai and w 3 G V~ h . The following lemma comes from the 
proof of Lemma 16.21 It is the reduction from gl (M,N) to gl(l, 1). 


Lemma 6.3. Set VFj := g\(U)v 3 C Vj,+ a . and W' := g\(U)w 3 C V s . b .. 
Cvf + Cvf and W\ = Cw? + Cwf. As U-modules 

1 1 J J J 


1 — zn 'Cl ^ 

glWi ~ V(q r * ~ iq _ 2 ), 

1 — zaiq z 


~2s« 


. , , „ 1 — zbjq 2 - s 

AW^Vb-’ , it ), 


1 - 26 


3 


and v 2 ,w 2 (resp. vf,w 3 ) are highest (resp. lowest) t-weight vectors. 


Then W{ = 


Proof. We prove the negative case. Replace V s b by ev ^ 2 V s according to Lemma l2.91 From 
the second part of the proof of Lemma HOI we see that: w 2 ,w 3 are of weights (1 — s)ei — 
e K , —se 1 respectively; W' = C w 2 + C w 2 and w 2 is a highest ^-weight vector of g\W'] 

’ 1-8 - zbq 2+s ~ l 2 A- zbq 2s 


Sll(z)s KK (z) l w 2 = 


q 


w 2 = q s ' 


q — zbq 2 1 

This proves the second isomorphism in the lemma 


1 -zb 


-W = tu(z)t KK {z) 


~ 1 w 2 . 


□ 


Let U ‘2 := U q (gl(M — 1,1V)) and <72 : U 2 —> C/ g (g) be the superalgebra morphism de¬ 
fined by Sij{z) i-A Si_|_i J+ i(z) and similar formula for the Uj(z). Let V 2 ± denote the posi¬ 
tive/negative fundamental modules over U 2 , with (+, 1 < r < M) or (—, 1 < r < N). 

Lemma 6.4. Set Ki := . 92 (^ 2 )'^ C V r f a . and K'- := C V~ b .. Then v 2 G Aj and 


g'Ki 


l/ 2 + -2, 

r*—1,0*5 


~ v 2 


3 

2— 

j hj 


as U 2 -modules, with vj and v 2 being highest and lowest t-weight vectors of g'Ki respectively. 
Furthermore, K := (< 8 >^ = 1 AA:) <S> {® l j = 1 K'j) is stable by < 72 (^ 2 ), and and identity map Id : 
g'(K) = ( ®i =1 g'Ki ) 0 {<Y> l j =] g* K ]) is U 2 -linear. 
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Let U 3 := U q (gl(M,N — 1)) and g 3 : U 3 —> U q (g) be the superalgebra morphism defined 
by Sij(z) Sij(z),tij(z ) i-A tij(z). Let denote the positive/negative fundamental 

modules over U 3 , with (+, 1 < r < M ) or (—, 1 < r < N ). 

Lemma 6.5. Set Li := g 3 (U 3 )vj C V r + n . and L'- := g 3 (U 3 )w] C V~. . Then w 2 G L'- and 


9lU - V r 


3 + 




J Si—1,1 


^3— 


as U 3 -modules, with w) and w 2 being highest and lowest t-weight vectors of g 3 L' q respectively. 


3 3 

- 

^ w {®\=\glL'.) U 3 -linear. 


l : =1 L':) is stable by g 3 (U 3 ), and the identity map Id : 


Furthermore, L : = 

9l(L) - (<g>* =l53 -L, t/ „ 

Lemmas 16.41 and 16.51 can be deduced from Theorem 12.61 and Lemmas 12.8112.1)1 We have 
used the above three reductions in [Zh2] to prove a weaker version of Theorem 16.11 The 
following lemma is new and is a crucial step in the proof of Theorem 16.11 

Lemma 6 . 6 . Set W := gi(U)((^ =1 v}) <g> (®*- =1 u;j)) C (®| =1 V r + a .) 
exists a one-dimensional U-module D making W a quotient of 


j \K, J,;)' There 


D®W([ 


q - zatq 


-2n-i 


LJ ^ 1 - za n q 


—2 n 


i=l J i=l 


zatq 2ri 2 ) x 


JJ (1 -zbjq 2 )). 
3=1 


Proof. We can replace Vff a and V sh by ev* g _ 2r 18+ and evJ^K respectively. By Lemmas 


12.8112. 91 vj/ud are of weights ei + e 2 H-8 e ri , — e K - e K _i- e K - Sj+ i. Let v be ordered 

tensor product of the v\, wj and W = g\(U)v. By Equation (12.71) : s\ K (z)v = 0 = t\ K (z)w, 
s K i{z)v is a polynomial of degree < k + l; sa(z)v = fi(z)v and ta(z)v = gi(z)v where 
k i k i 

h= n(7 - z^q-^- 1 ) x[j(i- zb jq 2 ), 91 =hx {- z - i ) k+i n^) m 1 ^ 


3=1 


i=1 


3=1 


i =1 

k l k l 

f , = na - za ^~ 2n ) x ik* - z W’ 9 «= f*x i - z - 1 )^ 1 n^ 1 ^) m 1 ^- 

3=1 *=1 3=1 


1=1 


Let D\ = (f* i _i (C) = C d be the one-dimensional 17-module. Then the tensor product 
of 17-modules D\ <g> W is generated by d <8> v. Moreover, d (g> v satisfies all the relations in 
the definition of W(^-; q~ k f\)\ the latter therefore has D\ <g> W as a quotient. □ 

Corollary 6.7. We have vf ® {® k =2 v}) (g> (< 8 >* = 1 w]) G gi(U)(v 2 ® (<g)k = 2 td) <S> (< 8 >j- = 1 wj)) 
if a\ 7 ^ a,i(f~ 2ri ,bjq A for all i,j. Similarly, if bi / aiq~ 2ri ~ 2si ,bjq~ 2si for all i,j, then 


Liv}) ® (g> wf G gi(U)((® k = 1 vj) (g> (®*- = \i<;J) (8) ref). 


3< 

Proof. Let us prove the second part, the first part being similar. We are in the situation of 
Lemma [6721 where X\ is trivial, X 3 := V~ b , Y 3 := W[ C X 3 (see Lemma I6l3l) and 

^=iV~bX Y* ■■= 9i(umhvl) - 


X 2 := 


iiKlo, 


3 


-=>})) c x 2 . 


It follows that gl(Y 2 <S> Y 3 ) = g\Y 2 <S> g*Y 3 . The 17-modules g*{Y 2 ) and g\(Y 3 ) (see Lemma 
16.31) are generated by highest 7-weight vectors (<2>^ =1 ^) <g) (<gfc.\w;j) and w 2 respectively. It 
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is therefore enough to prove that g'Uj < 8 > g'Y^ is of highest ^-weight. Up to tensor products 
by one-dimensional modules, by Lemma 16.61 is a quotient of the Weyl module 


k 

W 2 := W (Y 

i=l 


_2r ■ —1 

q — zaiq ZTl 1 
1 — zaiq~ 2ri 


l 


*n 


1 — zbjq 2 
q — zbjq 


Uu 


za t q 


-2ri-2^ 


l-l 


X n(i -zbjq 2 ))- 
0 =1 


by Lemmas 16.31 and 15.11 a* W is a quotient of the Weyl module 

W 3 := W(q- Sl l ~ Zbl f S ‘ -1 - zb iq 2s '). 

1 - zbi 

By assumption biq 2si £ {bj, aiq~ 2ri : 1 < i < k, 1 < j < l}. We deduce from Proposition 15.21 
that W 2 < 8 >W 3 is of highest U weight. Its quotient g\Yj ®g\ Y 3 is also of highest (- weight. □ 


Now we can prove three special cases of Theorem 16.II 

Corollary 6.8. Under conditions (l)-(2) in Theorem lh.il the tensor products 0^ =1 U r + a 
and ® l j = \V~ b . are both of highest (.-weight. 

Proof. We shall prove the positive case by induction on M and k; the negative case uses 
essentially the same arguments. It is useful to include the case M = 0 where the = 0 and 
S is trivial. Let M > 0. (Cl) implies the conditions of the a,; in the above corollary. So 

(1) : vl <g> (®i =2 vl) G gi(U){vl ® (®£= 2 Vi)). 

Now consider the t/ 2 -module g*{K) hr Lemma T6.4I with K = 52 (^ 2 )(< 8 >k = 1 u 4 ) (so l = 0). 
Since (Cl) stays the same when replacing M by M — 1, the induction hypothesis applied 
to M — 1 indicates that g*{K) is of highest 1?-weight and 

(2) : v\ ® (®i =2 vj) G g 2 (U 2 )(®i =1 vj). 

Next the induction hypothesis applied to k — 1 together with Lemma 12.21 indicates that 

(3) : U q (Q)(vf 0 (®L 2 ^)) = ®LiVrU- 

From (l)-(3) it follows that ® 1 f =l Vff a . is of highest (- weight. □ 

Corollary 6.9. Let 1 < r < M,1 < s < N and a, b G C x . If aq 2r / bq 2 then U r + ®V sb 
is of highest (-weight. 

Proof. Firstly use induction on M. By Corollary 16.71 v 3 ®w 2 G g\{U){v 2 ® w 1 ) if a / hg 4 . 
Consider K = 5 2 (t/ 2 )u 1 and K' = 52 (U 2 )u; 1 in Lemma l 6 ~H the induction hypothesis applied 
to M — 1 shows that if aq~ 2r bq 2 then v 2 ®w l G 52 (U 2 )(u 1 ®w 3 ). Combining with Lemma 
12.21 we see that Vff a <g> V~ b is of highest t -weight if a / bq 4 and aq 2r 7 ^ bq 2 . 

Secondly use induction on N. By Corollary 16.71 v 1 ®w 3 G g\(U)(v l ®w 2 ) if b / aq~ 2r ~ 2s . 
Consider L = g^U^jv 1 and L' = gsiUzjw 1 in Lemma 16.51 the induction hypothesis applied 
to N — 1 shows that if aq~ 2r / bq 2 then v 1 <g) w 2 G . 9.3 (t/ 3 )(v 1 <g> w 1 ). Thus U r + ® V~ b is of 
highest U weight if 6 / aq~ 2r ~~ 2s and aq~ 2r / bq 2 . 

Conclude as {a / 6 g 4 , aq~ 2r / bq 2 } U {b / aq ~ 2r ~ 2s , aq~ 2r / bq 2 } = {aq~ 2r / bq 2 }. □ 
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Corollary 6 . 10 . If** £ E(n,r 2 ) and % (f E(r 2 ,n), then V r + ai ®V+ tVl = V+^®V r + ai as 
U q (g)-modules. Similarly, the U q (g)-modules V~ bl ®V~ b2 andV~ b2 ®V~ bi are isomorphic 
If ^ i £(si, s 2 ) and ^ </ S(s 2 , si). 


Proof. It is enough to consider positive fundamental modules as f*{V r a ) = V^^r+2 hi view 
of the proof of Lemma l2.9l By Lemma [3.51 (A) and Theorem 14.21 there exists a t/<j(g)-linear 
map R ri , r2 : V r + ai eg) V r + a2 —■> V r + a2 ® V r + ai sending v{ ® to ®vj. By Corollary ESI 
v 2 ® v i generates V+ a2 ® V/| ai . So R ri ,r 2 is an isomorphism of t/ ? (g)-modules. □ 


Corollary 6 . 11 . Under conditions (C1)-(C2) in Theorem \6. R we have a G &k-, T £ ©[•' 
(1) as U q (g) -modules ®^ =1 V+ a . = ®f= 1 V+ a and ® l j=1 V s ~ b = ®j =1 Vf 


s T(j)h T (j) ’ 


( 2 ) 


r(i) 


a a(j) ’ L-(i) 


— ^ g 2Z<0 whenever i < j. 


One can copy the proof of |AK1 Corollary 2.2] using Corollaries 16.81 and 16.101 
Proof of Theorem 16.11 We use induction on M + N and k + l. Owing to Corollary 16.111 

we can assume that for 1 < i < j < k, either — G q 2Z >o Q r — & q 2Z . If one of the two 

~ . — ? j aj 

assumptions in Corollary 16.71 is satisfied, then using reduction to either U 2 in Lemma [6.41 or 
to t /3 in Lemma [6.51 together with Lemma [2.21 we can conclude as in the proof of Corollary 
16.81 that S is of highest ^-weight. 

Suppose that first assumption in Corollary 16.71 fails, so that a\ = btq 1 for some 1 < t < l. 
Now let us rearrange the tensor product < 8 >l-_i V ~. as in Corollary 16.111 in such a way that 

J X. bj,Oj 

_lRL g q 2Z >o. (This is possible by Corollary 16.101 and possibly r(i) = t.) Assume next 
that the second assumption in Corollary 16.71 fails, so that b T (i) = aiq 2ri 2 St V'> for some 
1 < i < k. It follows that = ^ i g 4-2T ’ i_2 M0. From g g 2Z >o we obtain — G q 2Ij 

— — bt a\ ^ bt ^ ai ^ 

and so ^ G g 2Z ^°. This forces r* = s T (;) = l,a, = ai and ft ^ 2 = a\q~ 2 = aiq ~ 2ri , in 
contradiction with (C3). This completes the proof of Theorem 16. 11 □ 

The following lemma (actually only the case k + l = 2) will be used in the next section. 


Lemma 6.12. In Theorem \6.R if k = 1 = 1, or l = 0 or k = 0, then (C3), or (Cl) or (C2) 
is necessary for S to be of highest £-weight. 


Proof. The case k + l = 2 comes from the proof of Lemma 12.91 Lemma 13.51 and Theorems 
I4.1H4.2I and the case kl = 0 from Corollary 16.101 by induction on k + l as in the proof of 
Theorem 16.11 on page 1221 □ 


7. Simplicity of tensor products 

We give equivalent conditions for a tensor product of fundamental modules to be simple. 
Let us recall the notion of twisted dual to pass from “highest/lowest ^-weight” to “simple”. 
Let V be a finite-dimensional 17 ? (g)-module. Its twisted dual, is the dual space hom(V,C) 
endowed with a U q (g)-module structure, denoted by E v , as follows: 

(xl,v) := (— l)l*ll x l(Z,§\E f (a:)'y} for x G U q ($),l G hom(l/,C),u G V. 

For V,W finite-dimensional t/q(g)-modules, by Equation (12.511 we have a natural isomor¬ 
phism of U q (g)-modules (V®W) V = V w ®W w . For 1 < i < n, let Vi be a finite-dimensional 
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simple 17 9 (g)-module generated by a highest ^-weight vector V{. Then Vf is again simple 
and contains a highest l -weight vector v* such that v* (u,;) = 1. By duality argument, the 
tensor product 0" =1 Vi is of highest ^-weight if and only if the submodule S of gen¬ 
erated by is contained in all the other non-zero submodules. (S must then be simple 

and is the socle of 0” =1 Vi v .) The tensor product 0” =1 Vi is simple if and only if 0” =] R and 
0£ =1 IZ v are both of highest ^-weight. Similar statements hold for lowest ^-weight modules. 
The twisted dual of V(a) has been computed in IZIi3l Eq.(3.26)]: 

V(a) v ~ V(a _ y M_2JV ). 

Next let us compute the twisted dual of W(o) in Example^ Denote by p a the representation 
of U q (g) on W(a). As in [Zh3L §3.2], introduce 

X ( z ) = (p a 0 IdEndw) ( ^ ' Sij(z) 0 Eij) 

hj 

= “ za Qi)Eu 0 Ea + (1 - za) ^ Ea 0 Ejj 

i i^j 

+ ^{qj 1 - qj)Eji 0 Eij + za ^{qj 1 ~ Qj)Eji 0 G End(W® 2 )[|z]]. 

i<j i>j 

Set A := (1 — zaq 2 )( 1 — zaq~ 2 ). By Equation (12.31) . we have 

N(z) _1 = (Pa ® ld E ndw)(^2H s ij( z )) ® Eij) 

i,j 

= - za q^ 1 )Ea 0 Ea + (1 - za) ^ 0 Ejj 

i i^j 

T ^ )Eji 0 Ejj T zq ^ ' (i/j qj )Eji 0 Eij). 

i<j i>j 

Similarly we can find the p a (S(Lj (z))). By comparing highest ^-weights, we obtain 

W(a) v ~ W(o _1 ). 

Proof of Proposition 1 2 . 51 Let us consider the positive case; the negative case can then 
be implied as in the proof of Lemma 12.91 Recall the following fact in |Zh2l Prop.4.7]: 
0f =1 V(a(/ 2 *) is of lowest ^-weight for all a G C x and s G Z >0 . By taking twisted dual and 
using the formula of V(a) v , we see that the lowest ^-weight vector generates the simple 
socle of 0 | =1 V(a< 3 , ~ 2 *) for all a G C x . In particular, V+ a in Definition 12.41 is simple. □ 

Lemma 7.1. (E+J v ~ V+ a _ lq2(M _ N+1+r) and (V~ a ) w ~ V~ a _ lq _ 2s _ 2 for a G C x . 

Proof. Let us prove the positive case. Recall from the proof of Proposition 12.51 that 
0f =r .V(ag“ 2 ■ :, ) is of lowest K-weight. This gives rise to a diagram of D 9 (fl)-modules 

0} =r V(a<r 2 *) A V r + 4 0 ^ =1 V(ag -2 ' 7 ) 

where 6,t are t/ f/ (g)-linear and they both fix v® r . Taking the twisted dual and using the 
formula of V(a) v , one obtains a similar diagram where the t/ g ( 0 )-linear maps fix lowest 
A-weight vectors. One can use Definition 12.41 to conclude (V^J v — V+ a -i q 2 (m-n+i+t)- D 
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Proof of Lemma 13.11 From Corollaries 16.8116.91 we see that in Lemma 13.11 if the signature 

of (V, W) is (++) or (-) or ( 4 —), then V a <g> W& is of highest [-weight for | in the 

complementary of a finite subset of C x . By Lemma 17. II and the twisted dual argument, the 
same is true when replacing “highest l- weight” with “simple”. When V a <g> Wj> is simple, 
according to the highest [-weight classification in H 2.21 we must have a unique [/,j(fl)-linear 
isomorphism V a < 8 > W& = Wb < 8 > V a fixing highest l- weight vectors v < 8 > w eA w ® v. Such an 
isomorphism also resolves the case where the signature of (V, W) is (—b). □ 

We would like to emphasize that the above proofs of Proposition 12.51 Lemmas 17.11 and 
EH are independent of the results in §lj3HU They use essentially Weyl modules in 1J5J |Zh2l 
Prop.4.7] on lowest [-weight modules, and the twisted dual formula in |Zh3l Eq.(3.26)]. 

Theorem 7.2. A tensor product of fundamental modules V\ <S> Vi <S> • • • <8> V s is simple if and 
only if so is Vi <g> Vj for all 1 < i < j < s. 

Proof. The “only if” part is trivial as in the non-graded case in [ He! § 6 ]: if <g>f = 1 <S) is simple, 
then so are Si <8> S) + i and <S>j =1 S a ^j for 1 < i < s and a £ 6 S by comparing highest 
[-weights. For the “if” part, since Vi < 8 > Vj is simple, it is isomorphic to Vj ® Vi. Without 
loss of generality we can assume that ®^ =l Vi =: S is of the form in Theorem 16.11 a tensor 
product of positive fundamental modules followed by that of negative fundamental modules. 
By Lemma 16.121 such a tensor product verifies the conditions (C1)-(C3) in Theorem 16.11 
and is therefore of highest [-weight. Similar arguments adapted to (<8>f =1 Vi) v = <g3 =1 17 v by 
Lemma rm we conclude that S v is of highest ^-weight. So S is simple. □ 


Remark 7.3. Let us make explicit the simplicity condition. Index i = (rj,£j) 
1 < Vi < M if £i = + and 1 < r* < N if = —. Define 


(7.12) 


A. 


v 


' 1 -rmin(r i ,r J ) 

IIi=l 


(Oi - ajq^i- mmpo^l+O) if e . 


= Si 


< ai — ajq 2ri+ 2 
a i — ajq ~ 2M+2N ~ 2ri ~ 2 


if (Si,£j) 
if (£i,£j) 


= ±, 

= (+)-)> 
= (— ) +)■ 


Then is simple if and only if A^ / 0 for all i ^ j. 


where 


Corollary 7.4. A tensor product of positive fundamental modules is simple if and only if 
it is both of highest l-weight and of lowest l-weight. 


Proof. The “only if” part is trivial by definition. The “if” part is a direct consequence of 
Theorem 14.21 Lemma 16.121 and the above theorem. □ 

The above corollary remains true for tensor products of negative fundamental modules, 
by using the pull back f* in the proof of Lemma 12.91 In |Zh2l §5], the above corollary was 

proved for all finite-dimensional simple modules over a Borel subalgebra of [/ g (g[(l, 1)) (and 
so over the full quantum affine super algebra), the so-called g-Yangian. 

Example 4. Corollary 17.41 fails if “positive” is removed. Consider S := V(a) <8> W(6) = 
Via , q 2 ® ~bq~ 2 ' ^ ave vj = vf = V\ and w\ = w% = w K . Set W = g\{U)v\ and 

W' = g\(U)w\. By Lemmas 16.2116.31 and 16.61 as [/-modules 

9i(W ® W') = g\W ® g\W' ~ V ( q ~ Zaq ' ) ® V( 

1 — za q — zbq-t 

















QUANTUM AFFINE SUPERALGEBRAS 


25 


It follows that S is of highest ^-weight and of lowest ^-weight if a 7 ^ b. On the other hand, 
S is simple if and only if a 7 ^ b and b ^ aq~ 2M+2N . 

Example 5. Let 1 < s < M and 1 < t < N be such that s — t = M — N. The tensor 
product V+ a g> V t ~ b is simple if and only if it is of highest i- weight. 


8. Final remarks 


In this hnal section, we make remarks which are not used in the proof of main results. 
We use the convention in Remark [7.31 associated to an index 1 < i < s is a couple (tq, e,) 
where either (gj = +, 1 < t, < M ) or (ej = —, 1 < n < N). Consider the tensor product 
S := 0>f =1 V), £i a .. We want to know when S is of highest ^-weight. 

Let us call {e \£2 • • • e s ) the signature of S. Theorem 16.11 gives a criteria for S to be of 

highest t -weight in signature (+ + ••• H- •••—). In the proof of Theorem 16.II Corollary 

m is the crucial step to go from s to s — 1, whose proof relies on reductions: from g to 
gl(M,N — 1) in Lemma [63} from g to gl(M — l,N) in Lemma f6.4l from g to g[(l, 1) in 
Lemmas 16.2116.31 and 16.61 Except Lemma 16.21 all the other lemmas hold regardless of the 
signature of S. For Lemma 16.21 we need the case X\ negative and X 3 positive. 

Let us define the quantum affine superalgebra U q - i(g) in the same way as U q (g) except 

that q is replaced by q~ l everywhere; let sj”' 1 , , 'Sij(z) , Uj(z) denote its RTT generators. 

Lemma 8.1. There is an isomorphism of Hopf superalgebras h : U q -i(g) —> U q (g) cop 

^ ^ Sij(z') 0 Eij 1 y ) Sjj (z) <S> E^j ) , ^ ) by {z) 0 Eij 1 y ) by {z) 0 ) Ejj ) 

i,j i,j i,j i,j 


Proof. The idea is the same as that of |Zh2l Prop.3.4], based on the identity 

R q -i(z,w) € End(V® 2 )(, 2 , id). 


R q {z,w) =- - 

(zq — wq ){zq 1 — wq) 

and on the definition of U q (g) in |Zh2l, Dehnition 3.5]. 


□ 


h is inspired by the involution of quantum affine algebras in [ AK , Appendix A]. 

Let V r ± be the corresponding fundamental modules over U q - i(g). From the dehnition of 
twisted dual and from Lemma 17.11 we obtain 


(8.13) 


h*V+ ~ F + 


r,a 


r,aq 


— 2M+2N—2r—2 5 


h*V~ ~ V 

r i a r,aq- 


2r+2 • 


Now Lemma 16.21 and Corollary 16.71 can be generalized accordingly. For this purpose, let 
us define the K 1 - and KJ- associated to the tensor product S = 0>f =1 Vff a . as follows: 


(8.14) 

(8.15) 


(K^K^) : = 


( 1 , 1 ) 

(a,i - ajq 4 , at - ajq 2ri+2r i) 

—2M+27V-4 „ „ „-2M+2N-2n-2r^ 

, (Li Uj q J , 


< djQ 

A := n A « x n K 'iv C - 11 a ;, - 11 a 


Jl- 


J<1 






j>i 


if £i — £j , 
if {£i,£j) = (+,-), 
if (£i,£j) = (-,+), 
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To unify notations in (} 6 l let u\ and uf be highest and lowest Aweight vectors of Vff a . and 

uf = s^uf. From Theorem 12.61 and Lemmas 12.8H2.91 we see that uf = h(sf^)uf. Corollary 
16.71 together with its proof is now generalized as follows. 

Corollary 8.2. Assume that Aj j ^ 0 for all 1 < i < j < s. If fj 0, then S = 
V r £ f a .®(®j^iVff aj ) =■ Si as U q (g,)-modules and uf <g> ((g)£ U q Q){uf <g> ((g^tt])) C Sj. 
Similarly, if ff / 0, then S = (® j^iVrf, aj ) <8> V^? a . =: Sf as U q (Q)-modules and (<gijyjuj) <8> 

uf £ <= S[. 

In the corollary, (gi^ means the ordered tensor product (®}=i)®(®f=i+i)- We arrive at 
the following problem of linear algebra. 

Question 1. For 1 < * < s, let (r^e*) be as above and let a, £ C x . Define Ay, fj, ff by 
Equations (17.121) . (18.141) and (|8. 151) . Suppose that fj = f[ = 0 for all 1 < i < s. Then is it 
necessarily true that a<, Ay = 0 ? 

Remark 8.3. Suppose that the answer to the above question is positive. We can argue 
as in the proof of Corollary 16.81 to conclude that S = ® s i=l Vff a . is of highest I -weight if 
n«<j A ij -f- 0. 

The proof of Theorem 16. II together with Lemma IS.ll and Equation (18.131) actually affirms 

the cases (ei • ■ ■ e s ) = (+ + ■■■ 4 -■ • • —) and (-- • • —(- + •••+). So Theorem 16.11 

remains true when the tensor product is of signature (-- • ■ —(- + ■••+)• 

Example 6. Let s = 3. The answer to Question Q] is affirmative. Indeed the only essential 

difficulty appears when (eie 2 £ 3 ) = (H-h) and \\ 1<3 Ay / 0 = A 2 i = A 32 . (If A 2i / 0 

then one can exchange £\ and e 2 to arrive at the known signature (—b+); similar arguments 
for A 32 .) Suppose fj = f[ = 0. By definition, /{ = K l l2 = 0 and /g = AT^g = 0. From 

7w/ n a _ 4 — 2M+27V— 2t2 ~2 

A 12 — U — Za 2 i — cli — d 2 Q — ci 2 — d\ q 

we get 2 = 2 M — 2 N + 2r 2 . Next from A'£ 3 = a 2 — a 3 <?~ 2J ' /+2Ar ~ 2r2 “ 2r3 = 0 we get 
a\ = asq 2 ~ 2r3 . But A 33 / 0, we have min(ri,r 3 ) = 1. Since Ai 2 = a\ — a 2 q 2ri+2 / 0 and 
o-i = a 2 g 4 , r ‘i > 1- Since A 23 = a 2 — a 3 g _2M+2iV_2r2_2 / 0 and a 2 = a 3 q ,_2M+2Ar_2r2_2r3 , 
r 3 > 1. It follows that min(ri,r 3 ) > 1, a contradiction. As a consequence, V^f 1 1 ai <8> Vff a2 <g> 
Vffa 3 is °f highest Aweight if n,<j Ay / 0. 

Example 7. Assume that r* = 1 for all 1 < * < s. Since fj = 0 = J ^ =2 = 0, there 

exists 1 < i < s such that K l u = 0. It follows that E\ £{ and Ah = K\ i = 0. As a 
consequence, the tensor product <gf = iVf^. is of highest A weight if rii<j Ay 7 ^ 0 . 
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